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Abstract 

We obtain the Penrose limit of six dimensional Non-Commutative Open String (NCOSg) 
theory and show that in the neighborhood of a particular null geodesic it leads to an exactly 
solvable string theory (unlike their counterparts in four or in other dimensions). We describe the 
■ phase structure of this theory and discuss the Penrose limit in different phases including Open 
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D-string (0D1) theory. We compute the string spectrum and discuss their relations with the 
states of various theories at different phases. We also consider the case of general null geodesic 
for which the Penrose limit leads to string theory in the time dependent pp-wave background 



and comment on the renormalization group flow in the dual theory. 



J^- 1 Introduction 

It is well-known that string theory in the pp-wave background can be obtained |2| for 
^ type IIB theory by taking the Penrose limit jo] on AdSsxS and has many interesting 

features. The most notable one is that the corresponding Green-Schwarz (GS) action 
in the light-cone gauge is exactly solvable [H El E]- So one can quantize the theory 
and obtain the string spectrum in a straightforward way. By the Maldacena conjecture 
pH El EE Ell taking a Penrose limit (on the string/gravity side) amounts to going to 
a particular subsector of the M = 4, SU(N) super Yang-Mills theory where both the 
conformal dimension A and the U(l) R-charge J of the gauge theory operators scales 
as A, J ~ v^A as N — > oo, keeping g\ M and A — J fixed. Thus using the BMN ^1] 
conjecture of exact correspondence between string theory in the pp-wave background and 
the subsector of gauge theory one can compute the anomalous dimensions of the gauge 
theory operators from the exact string spectrum and this has been generalized to many 
other AdS/CFT-like examples. 
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The consequence of taking Penrose limits and their implications in the subsector of 
dual nonconformal theories have been discussed in refs. O H31 UH EES CHI UZ1 UH UH] • In 
most cases Penrose limits on the gravity duals of these theories lead to string theories in 
time dependent pp-wave backgrounds. For a large class of such backgrounds, the equations 
of motion of the GS action can be solved exactly, but the quantization for such systems 
and the construction of states are still not well- understood EH]- However, there is 
an intriguing connection between the associated time dependent quantum mechanical 
problem and the RG flow in the dual gauge theory ^3]- On the other hand, it has been 
noticed that in six dimensions there exists a special null geodesic, for the gravity dual of 
both local (20] (ordinary YM or OYM) and non-local (Little String Theory 1 (LST) jTH] . 
noncommutative YM 2 (NCYM) |2Ej and open Dp-branes 3 (ODp) [33]) theories, in the 
neighborhood of which the Penrose limits lead to string theories in time independent pp- 
wave backgrounds. These are very similar to the maximally supersymmetric pp-wave limit 
of AdSsxS 5 . Since string theories in these cases are exactly solvable, it is straightforward 
to obtain the string spectrum and extract information about the states of the above 
mentioned theories in the subsector corresponding to the Penrose limit. Such discussions 
can be found for LST in ^H], for 6-dimensional NCYM in [2Bj and for OD5 in [2*U] . 

In this paper we study the Penrose limit of the gravity dual of another class of non- 
local theories, namely, the noncommutative open string theory [3i] E?5] in six dimensions 
(NCOSe) [HE]- The supergravity configuration is given by the (F,D5) bound state jHZ] of 
type IIB string theory in the so-called NCOS limit. We describe the phase structure of this 
theory and show how at various energies the theory is described by OYM 6 , LST, NCOSg 
and OD1 theories. We obtain the Penrose limit of NCOSg theory in the neighborhood of a 
particular null geodesic by defining a scaling parameter in terms of the known parameters 
of the theory. We show that the Penrose limit in this case leads to an exactly solvable 
string theory in a time independent pp-wave background unlike the case of four or other 
dimensional NCOS theories. Here we find that the two of the eight bosonic coordinates 
of the string theory are massive and it contains both NSNS and RR three-form field 
strengths. We also discuss Penrose limits at different phases of this theory and as is known 
they all lead to solvable string theories. We study the quantization of the bosonic sector 
of the gravity dual of NCOSg theory in the Penrose limit, obtain the string spectrum and 

1 The existence of this theory has been argued in |21l 1221 l2"H| . 

2 The gravity dual of 4-dimensional NCYM theory has been obtained in 24, 25 and in other dimensions 
in 1201117]. 

3 The existence of ODp theories have been shown in [55] (see also 130]) and their supergravity descrip- 
tions are given in pHll32"] . 
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discuss their relations to the states in NCOS 6 theory in a particular subsector. Similar 
discussions are given for the different phases of this theory including the OD1 theory. 
Finally we obtain the Penrose limit for a more general null geodesic of both NC0S6 
theory and the 0D1 theory In this case we obtain string theories in time dependent 
pp-wave backgrounds which are not solvable. We briefly comment on the RG flow in the 
dual theory. 

The organization of this paper is as follows. In section 2, we give the gravity dual 
description of NCOS6 theory and describe its phase structure. The Penrose limit of this 
theory and various other theories at different phases for a particular null geodesic is 
discussed in section 3. The quantization of the bosonic sector and the string spectrum for 
the NCOSg and other theories at different phases are described in section 4. In section 
5, we discuss the Penrose limits of NCOS6 and OD1 theories for the general null geodesic 
and comment on the RG flow. Our conclusion is presented in section 6. 



2 Supergravity description and the phase structure 
of NCOS 6 

The gravity dual description of NCOS6 can be obtained from the (F,D5) bound state 
configuration of type IIB string theory in the so-called NCOS limit and is described in 
refs. |361 l3*Hj . The string metric, the dilaton and the other gauge fields have the forms, 



1 5 MO 2 ™' 

-(dx ) 2 + (dx 1 ) 2 + — ±— V(e^) 2 + f cS (dr 2 + r 2 dn 2 3 ) 
1 + a^r z ~^ r A 



ds 2 = e(l + a 2 r 2 )2ar 

= G 2 D {ar) 
B = e(ar) 2 dx° A dx 1 
F (3) = -2eMa' eS e 3 

A (4) = — ——-dx 2 A dx 3 A dx 4 A dx 5 (2.1) 

G~(l + a z r l ) 

Here the parameter e is defined as e = a'/a' eS , where y/a' is the string length scale and 
\Ja' ea is the length scale of the NCOS6 theory. The parameter a 2 = a' cS /(MGl), where 
M is the number of D5-branes and G 2 Q is the coupling constant of NCOS6 theory. V is 
the energy parameter defined by r = r/(y/ea' eS ), £ f being the radial coordinate transverse 
to the (F,D5) world-volume. dQ 2 is the line element of the unit 3-sphere transverse to 
(F,D5) world-volume and 63 is its volume-form. Note that in the NCOS limit a' — > 0, 
with G 2 and a' eS fixed and so, e is a small parameter. 
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The above supergravity description of NCOSg theory is valid as long as the curvature 
of the metric in (2.1) measured in a 1 unit as well as the dilaton remain small i.e. 

1 



a'TZ 



MG 2 ar{\ 
Glar < 1 



a 2 r 2 



< 1 



(2.2) 
(2.3) 



We will discuss the two cases (i) ar < 1 and (ii) ar ^> 1 separately. For case (i), the 
condition (2.2) implies ar 3> 1/(MG 2 ) and so, along with the relation ar <C 1, we have 

1 



MGt 



< ar < 1 



(2.4) 



where the curvature remains small. On the other hand the condition (2.3) implies ar <C 
1/G 2 ,. So, if G 2 Q <C 1, then we have the whole region (2.4) where both the curvature and 
the dilaton remain small and we have a valid supergravity description. However, we note 
that this conclusion is not quite correct. The reason is, in the region ar < 1 we expect 
the NCOS 6 theory to reduce to OYM 6 theory i.e. the supergravity configuration (2.1) 
should reduce to simple D5-brane configuration in the OYM-limit. It is easy to check that 
this would happen only if we set along with ar <C 1 and M — > oo, G 2 — > oo, a' cS — > 0, 
such that G 2 a' e fi = gy M /(27r) 3 . In this limit, (2.1) reduce to 



ds 2 


= a' 


"(2vr) 3 / 2 r / 






.VMQym \ 






9ymt 




(2vy/ 2 VM 


i?(3) 


= -2a'Me 3 



-(dx°) 2 + J2(dx 1 ) 2 ) + 



g YM \/Mr f dr 
(2tt) 3 / 2 



(2.5) 

with B and vanishing. This is exactly the D5-brane configuration in the OYMg limit 
jSH]- So, when ar 1, we take G 2 ^> 1. Therefore, the supergravity description remains 
valid not in the region (2.4) but 



iwW <<ar<< ^ 



(2.6) 



Note that since we are in the OYM 6 region, a and G Q do not have any obvious meaning. 
Substituting a 2 = a' eS / (MG 2 ) in (2.5) we find the range in this 

' ^ (2.7) 



< r < VM 

When ar ^> l/G 2 , the dilaton becomes large and we have to go to the S-dual frame in 
order to have a valid supergravity description. In this case the D5-brane configuration 
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will go over to the NS5-brane configuration by S-duality and OYM 6 limit will become the 
LST limit. Therefore, we will have the LST description in the region 



f 

— < ar < f 
Gi 



{21 



We will discuss how to obtain the LST supergravity description from OD1 theory later. 

Now consider the case (ii) where ar > 1. Here we will assume C 1 and a' cS = 
fixed for the weakly coupled NCOS6 theory. Note that the curvarture condition (2.2) 
in this case implies ar 3> 1/{MG 2 )^. Since for large M, 1/(MG^ <C 1, the curvature 
condition is always satisfied. Also, the dilaton condition (2.3) implies ar -C and so, 
combining with ar 3> 1, we have the following range of ar for which NCOSg supergravity 
description remains valid, 

K ar < — (2.9) 

But when ar ^> l/G 2 , the dilaton becomes large and we have to go to the S-dual frame 
to have a valid supergravity description. Under S-duality the (F,D5) supergravity config- 
uration becomes the (D1,NS5) supergravity configuration and the NCOS 6 limit goes over 
to the OD1 limit. To obtain the supergravity dual of OD1 theory we make an S-duality 
transformation in (2.1) which gives 



ds 2 



dB 

A w 



1 + aV)5 



(dx ) 2 + (dx 1 )' 2 + 



e( ^o(l) 

ar 

2eNG 2 o(1) a' eS e 3 

e(ar) 2 dx° A dx 1 
e 2 G 2 

-^P-rdx 2 A dx 3 A dx A A dx 5 



1 + a 2 r- 



J\2 



X 



^k{dr 2 + r 2 dnl) 



(2.10) 



1 + a 2 r 2 

Note that in writing (2.9) we have made use of the S-duality relations among the param- 
eters of the two theories as [23 EH| , 

1 



Gi 



G °(i) 



and 



G„a„ 



a' 



off 



(2.11) 



where G 2 ^ is the coupling constant and \Jct' eS is the length scale in OD1 theory. Also, 
N is the number of NS5-branes and is equal to M. The parameter a 2 in NCOS6 theory 
should be written in terms of the parameters of OD1 theory i.e. 



a 



cff 

MG 2 



G 



o(l) a e& 

~N 



(2.12) 
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Note that when ar <C 1, G 2 ^ — > an< ^ a es = QymK^T = fixed and this is precisely 
the LST limit. The supergravity configuration in this limit becomes [39J 

5 dr 2 
ds 2 = -{dx°f + Y J {dx i ) 2 + a' cS N{^ + dnl) 

i=i r 
e , = (2 7 r) 3/2 v / iV 

dB = 2Na eS e 3 (2.13) 

with the other fields vanishing. This is exactly the supergravity configuration of LST. 
Note that in writing (2.12) we have multiplied by the g^ 1 = 1/eG 2 ^ of OD1 theory (with 
g s , the string coupling constant), both the metric and dB in (2.9) so that both the S-dual 
metric of (NS5,D1) and the original metric of (F,D5) remain Minkowskian [38] . 

So, to summarize, the phase structure of NCOS6 theory is as follows. We have OYM 6 
description in the range 1/(MG 2 ) <C ar <C ^/G 2 an d LST description in the range 
1/Gg C or < 1. On the other hand we have weakly coupled NCOSg description in the 
range 1 ar <^\/G 2 and we have weakly coupled OD1 description if ar 3> 1/G 2 . m ^he 
first part when ar < 1, G„ > 1 and for the second part when ar 3> 1, G 2 -C 1. 



3 Penrose limits 

In this section we obtain the Penrose limit of NCOS6 supergravity description given in 
(2.1) for a particular null geodesic and discuss the same for the other theories at different 
phases mentioned in the previous section. To obtain the Penrose limit of (2.1) we first 



scale the coordinates x '"'' 5 as x ''"' 5 — > y MGla' eS x ''"' 5 . Then by defining a new variable 
ar = e u we write (2.1) as, 



ds 2 = R 2 (l + e 2U )h u 



= G 2 D e u 
B = R 2 e 2U dx° A dx 1 
F 0) = _ 2 ^_ e3 



1 5 

-(dx ) 2 + {dx 1 ) 2 + i + e2U YXdx'f + du 2 + dnj 



G 2 



o 

4 



R 

A (4) = — ^jzdx 2 A dx 3 A dx 4 A dx 5 (3.1) 

G;(l + e zu ) 

We write dfl^ = cos 2 Odip 2 + d6 2 + sin 2 9d(fi 2 and look at a null geodesic for the metric 
in (3.1) restricted to (x°, U, ip)-plane. So, we set x 1 ''"' 5 = 0, 9 = and so, the effective 



6 



Lagrangian associated with this geodesic has the form, 

C = -(l + e 2U fl 2 e u {{x G )'f + (1 + e 2U f' 2 e u {U') 2 + (1 + e 2U )^ 2 e u {^') 2 (3.2) 

where 'prime' denotes the derivative with respect to the affine parameter along the 
geodesic. Since the Lagrangian does not depend explicitly on x° and tp, we get two 
constants of motion as, 

(1 + e 2U Y' 2 e u {x )' = E, (1 + e^eV = J (3.3) 

Substituting these in (3.2) and equating it to zero for the null geodesic we get the evolution 
equation for U as 4 , 

{l + e 2U ) l ' 2 e u U' = VT^P (3.4) 

where we have defined I = J/E and scaled the affine parameter by E. Eq.(3.4) denotes the 
one parameter family of evolution equation for which I 2 < 1. We will discuss the general 
case I < 1 (we take I > 0) in section 5, and here we consider a special null geodesic for 
which / = I. So, we have U' — or U = constant. Therefore the null geodesic is now 
restricted to (x°, -?/>)-plane as in the case of maximally supersymmetric AdS 5 xS 5 . The 
null geodesic is given by U = U = constant, a; 1 '-' 5 = 9 = and x° = ip = x + , where x + 
is the affine parameter. We now define a set of new coordinates as, 

U - U + (l+e 2U T 1/4 e- Ui>/2 x 
e (l+e 2Uf >)- 1/4 e- Ut,/2 z 
x 1 - (l + e 2 ^)-VV % /V 

x 2,...,5 _ ( 1+e 2U y/4 e -U /2 x 2,..., 5 

x° x + + (l + e 2Uo )- 1/2 e- Uo x- 

i) -> x + -(l + e 2Uo )- 1 ' 2 e- Uo x- (3.5) 

By further rescaling the coordinates -/R 2 , x -> x/i?, z -> 

x 1 '-' 5 — > a; lv " ,5 /-R, 0-^0 and taking i? — > oo 5 , the supergravity configuration in (3.1) 
takes the form, 

5 

ds 2 = -Adx + dx- -z 2 ^) 2 + Y,{dx i f + dx 2 + df 
i=i 

4 It should be mentioned here that the Euler-Lagrange equation for U yields a second order differential 
equation, since C explicitly depends on U. In general, the equation of motion for U is different from 
the null geodesic condition given below in (3.4). However, since the form of the metric in (3.2) has 
~ Soo = Si>ip = 9uu, it can be easily checked that the equation of motion for U is equivalent to the null 
geodesic codition as given below. 

5 In this limit, it is clear that we are in the neighborhood of the null geodesic just mentioned above. 
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= G 2 e 



e U 



H = dB = 2 . =dx + A dx 1 A dx 
VI + e 2U ° 
e -u 

F (3) = 2 dx + A dzi A dz 2 

G 2 Vl + e 2U ° 

F (5) = (3.6) 

This is the Penrose limit of the NC0S6 supergravity configuration. In the above z 2 = 
z\ + z\ where Z\ — z cos and z 2 = z sin 0. We note from the metric in (3.6) that only two 
of the eight bosonic coordinates, namely, (z\, z 2 ) have constant masses and the rest are 
massless. This will lead to an exactly solvable string theory. We can introduce arbitrary 
masses for z\ and z 2 by scaling x ± — > /j, ±1 x ± and then (3.6) become, 

5 

ds 2 = -4dx + dx~ - fi 2 f(dx + ) 2 + Y,{d^) 2 + dx 2 + dz 2 



ax j -|- ax -|- a^ 2 

i=l 

= G 2 e Uo 





H = 2u . =dx + A dx 1 A dx 
^Vl + e 2U ° 

e -U 

F (3) = 2u dx + A dzi A dz 2 

^G 2 Q Vl + e 2U ° 

F (5) = (3.7) 

We would like to mention that in taking the Penrose limit we have taken the scaling 
parameter R 2 = eMG 2 a' eS — > oo. This can be achieved by taking (a) M — > oo, G 2 Q1 a' eS 
fixed or, (b) M — > oo, G 2 — > oo, a' cS — > such that G 2 a' eS = ^y M /(27r) 3 = fixed. For case 
(a) we are in NCOS 6 theory but for case (b) a 2 = a' eS / \MG 2 ) — > and so ar <^ 1. This 
is the region, as we have seen in the previous section, where we have OYM 6 supergravity 
description if 1/(MG 2 ) <C ar 1/G 2 and LST supergravity description if 1/G 2 ar 
1. Note that for the OYMg supergravity description in the region mentioned, the metric 
and the dilaton remain the same as in (3.7) in the Penrose limit, but we have to replace 
G 2 Q e Uo = G 2 o ar = g YM r / ^((2tt) 3 / 2 v / M). But looking at the NSNS and RR 3-forms we 
find that H = 2fi(ar )dx + A dx 1 A dx vanishes, but, = (2/x/ \ar Gl))dx + A dz\ A dz 2 
does not vanish since ar^G 2 1. This is precisely the Penrose limit of the D5-brane (in 
the near horizon limit) discussed in [201 - F° r LST supergravity description in the region 
1/G 2 ar 1, we have to go to the S-dual frame and we will discuss how to obtain this 
from the OD1 theory later. 

We have mentioned in the previous section that for ar ^> 1 and G 2 1, we have 
NCOS6 description in the range 1 ar 1/G 2 , whose Penrose limit we have already 
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discussed. But when ar 3> 1/G 2 ,, the dilaton becomes large and we have to go to the 
S-dual description which is nothing but the gravity dual of 0D1 theory given in (2.9). 
We now discuss the Penrose limit of this theory. In this case we scale the coordinates as, 
x° v "' 5 — > ^ N a' cS x Q '-> 5 , define a new coordinate e u = ar as before and define the scaling 

2 

,(1) 



parameter as R 2 = eNa'^G 2 ,^ (this is not the same as in NCOS 6 case), then (2.9) takes 



the form, 

ds 2 = R 2 (l + e 2U )i 



21 - 1 -(dx ) 2 + (dx 1 ) 2 + — ^ V(^) 2 + du 2 + dnj 

1 + e 7^2 



G °(i) 
e u 

2, 



dB = 2R z e 3 
AW = -^-e 2U dx° Adx 1 

G o(l) 

A (4) = — — —dx 2 A dx 3 A dx* A dx 5 (3.8) 

G o(i)( l + e2U ) 

To obtain the Penrose limit we proceed exactly as in NCOS 6 case. The evolution equation 
in this case takes the form, 

(l + e 2U y/ 2 U' = VT^T 2 (3.9) 

The parameter T was defined before and the the 'prime' denotes derivative with respect 
to the affine parameter along the geodesic in (x°, U, ^)-plane. Again we notice that for 
I — 1, U' — or, U = constant is a solution to (3.9). The null geodesic is given by 
U = U = constant, x 1 '---' 5 = 9 = and x° = tp = x + (the affine parameter) and is 
restricted to (x°, ■0)-plane. The set of new coordinates we now define are as follows, 

U -> U Q + (1 + e 2Uo )~ 1/4 x 

^ (i + e 2U «y 1/4 z 

x 1 - (1 + e 2Uo )- 1/4 ^ 

x 2,...,5 ^ (l + e 2C/ 0) l/ V ,...,5 

x° x + + (l + e 2U °)- 1 / 2 x- 

i) -> x + -(l + e 2Uo )- 1/2 x- (3.10) 

By further rescaling the coordinates as x + — > fix + , x~ — > x~ /(fiR 2 ), x — > -2 — > z/i?, 
x 1 '-' 5 — > x 1 ' -' 5 /R, 4> 4> and taking i? — > oo, the configuration (3.8) takes the following 
form in the new coordinates, 

5 

i=i 
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4> n2 -u 
e — u o(i) e 

dB = = dx + A dz\ A dz 2 

VI + e 2C/ o 

2ue 2Uo 

dA {2) = — — dx A dx + A dx 1 
F (5) = (3.11) 

This is the Penrose limit of the gravity dual of 0D1 theory and has also been obtained 
in ref. (221 • ^ n or der to recover the Penrose limit of gravity dual of LST from here in 
the region G 2 ^ < ar < 1, we also have to set G 2 m — > and a' cS = gy M /(27r) 3 = 
fixed. The metric would have the same form as given in (3.11). The dilaton = 
C?o(i)/( ar o) = (2n) 3 ^ 2 VN /(g Y M r o), dB = —2[idx + A dz\ A dz 2 which remains finite, but 
tL4A 2 ) = (2fj,G 2 > , 1 sa' eS /N)rQdx A dx + A dx 1 vanishes. This is exactly the Penrose limit of 
the gravity dual of LST discussed in jH" 



4 Quantization and the string spectrum 



In this section we discuss the quantization of the bosonic sector of the closed string theory 
obtained in the previous section by taking the Penrose limit of the gravity dual of NCOS6 
theory as well as various other theories at different phases. We will obtain the string 
spectrum and discuss their relations to the states in various dual theories. The GS action 
for the bosonic part has the form, 



d 2 a 



V^G^daX^dbX" + e^B^daX'dbX" 



(4.1) 



where r] ab = diag(— 1, 1) is the world-sheet metric and e Ta = 1. We first rename the 
coordinates as (zi, 22, x 5 , x 4 , x 3 , x 2 , x 1 , x) = (zi, z 3 , 24, z 5 , z 6 , z 7 , z 8 ) and then for 
the background (3.7) the above action takes the form in the light-cone gauge as, 



— 4:7ia'Sb 



dr 



da 



r] ab d a Zid b Zi + tfzl + 4/i 



,u 



ZgdcrZj 



where i = 1, . . . ,8 and k = 1,2. We have also used the light-cone gauge x + = 
define Y = (27 + iz&)/2, then the equations of motion following from (4.2) are, 



(4.2) 
r. Let us 



V ab d a d b Y + 2i^i 



r] ab d a d b z k -fi 2 z k = 0, for k = 1,2 

rfd a d bZl = 0, for Z = 3,...,6 

d n Y = 



VI + e 2U o 
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rj ab d a d b Y - 2ifi- 



,U 



-.d a Y = 



Vl + e 2U ° 

We solve these equations by Fourier expanding the various coordinates as, 

1 .- 1 



(4.3) 



Y 



E 

n=0 

CO 

E 

n=0 



i 



a i e -iu>„T+ina/(a'p+) _|_ 



a* |t e ,u -» T - fflff /( a 'p + ) 

' Q ,-^t e iw-n-r-mo-/(a'p+ 



Q ,+ e -ia; n T+mcr/(a'p+) _|_ 



1 



(4.4) 



and similarly for Y, where, 



\^ + (a'p+) 2 ' 
n| 



a'p + 



for zi,z 2 
for z 3 , ...,z 6 



rr 



+ 2/x- 



^ {a'p+) 2 ' "^(l + e 2C/ o)V2^ p 
and we find that the oscillators obey the commutation relations, 



for Y, Y 



(4.5) 



iS r , 



(4.6) 



where i, j = 1, . . . , 6. So, the bosonic part of the light-cone Hamiltonian takes the form, 
JV<*> 



2P~ = E 



^ + (C^+)2 + + (iV " + + 2/i (l + e 2%)l/2 



(4.7) 

Now in order to relate the string spectrum to the states in NCOS 6 theory we write from 
(3.5) 

d d d_ _d_ e - Uo (l + e 2U ")-^ 2 ( d d_\ 
dx + dx° dip ' dx~ R 2 \ dx° dip J 

In terms of the generators of the original x° (before rescaling by ^ MG 2 a' cS ) we get, 
' 2l> = iJL = ^MG 2 a' cS E - J, 



dx~ 
d 



-U 



( 1+e 2t/o)-l/2 

R 2 



(\J MG 2 a' eS E + Ji) (4.9) 
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where we have used i-^ 



MGlaL„E and -i4r 



Lt cffJ ^ auu. —o-g^p — J\- We thus find a correspondence 
between the string spectrum and the states in the NCOS 6 theory with energy and U(l) 
R-charge, 



MG 2 D a' eS E 



J\ = fixed 



(4.10) 



Thus the spectrum of strings in the background (3.7) is the same as the spectrum of 
NCOSg theory in the regime (4.10). For R 2 —>■ oo, we have, 

e -C/o( 1 + e 2f/ )-l/ 2ji 



W + R 2 = e- Uo (l + e 2Uo y 1/2 Ji 



So, the light-cone energy now takes the form, 



a'p + 



\iMG 2 



(4.11) 



2p- 



E 



1 + 



M 2 Gie 2U Hl + e 2U ° 



1 n 



MG 2 e u Hl + e 2 ^) 1 ' 2 



■h 



+(n+ + n: 



M 2 Gie 2U °(l + e 2U °)n 2 2e 2U °MG 2 n 



T 1 



■h 



(4.12) 



There are three terms in the light-cone energy expression in (4.12). The first term cor- 
responds to the two massive bosons zi, Z2, the second term corresponds to the four free 
massless bosons z%, . . . , z§ and the third term corresponds to the two complex interacting 
bosons Y, Y. The massive bosons when written in terms of two complex massive bosons 
z = (zi+iz 2 )/2 and z = (zx— iz 2 )/2, will carry a £/(l)2-charge corresponding to the angular 
coordinate 0, while the rest of the bosons are ?7(l)2-charge neutral. Actually the gravity 
dual of NCOS 6 theory before taking the Penrose limit has SO(A) ~ SU{2) L x SU{2) R 
isometry of S 3 and [7(l)ix[/(l) 2 is the subgroup of this group corresponding to the isome- 
tries of ip and <fi of dQ 2 . The first one corresponds to the R-charge Ji introduced earlier. 
Also, we note that the NCOSg theory does not have the full 6-dimensional Poincare invari- 
ance because of the presence of the electric field along ^-direction which is proportional 
to z$ (or vice- versa) as can be seen from (3.7). Thus we have another [/(l)3-charge carried 
by the bosonic fields Y and Y and the other bosons are neutral under this charge. This 
is the reason we have a further splitting of the light-cone energy (the last term in (4.12)) 
for the bosons Y and Y. We would like to point out that such a splitting did not happen 
for the case of 6-dimensional NCYM theory studied in j2H| and the effect of magnetic 
field there was unobservable in the spectrum. The reason might be that we obtained the 
spectrum only for the closed string sector and the effect might be observable in the open 
string sector. However, in this case, we see the effect of electric field even in the closed 
string sector. 
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We have seen that if ar lies between 1/(MG 2 ) <C ar <C 1/G 2 ,, then the Penrose limit 
of NCOSg theory (3.7) reduces to that of OYM 6 theory and the metric has the same form 
as given in (3.7), the dilaton is given as = gyM^a/ ((27r) 3//2 V / M), while dB = 0. The RR 
3-form is non-vanishing. So, the GS action for the bosonic sector will have the same form 
as given in (4.2) without the last term. The bosonic part of the light-cone Hamiltonian 
will then be given as, 



2P" = E 



7V« 

n \ 



fi 2 + 



[a'p + ) 2 



\n\ 



n a'p+ 



(4.13) 



where k = 1,2 correspond to the massive bosons z\, z 2 and I = 3, ... ,8 correspond to the 
rest of the free massless bosons. To relate the string spectrum with the states of OYM 6 
theory we first find 



2p- 
2/V 







dx + 
d 



, d .d_ 

dx° dip 



Mg YM 
(2tt) 3 / 2 



E-Ji 



-U 











-U 



Mg YM 



dx~ R 2 y dx° dip' R 2 y (2tt) 3 /2 
The states of OYMg theory have energy and U(l) R-charge 



E + Ji) 



Mg 



YM 



E, Ji 



Mg 2 YM 



oo, with 



Mg 



YM 



Taking R 2 



(2tt) 3 / 2 ' 1 (2tt) 3 ' (2tt) 3 / 2 

• oo in (4.14), the light-cone energy takes the form 

2p- 



E — Ji = fixed 



(4.14) 



(4.15) 



E 



N^ k K 



1 + 



Mg\ M e 2U °n 2 
T^j 3 lf~ 



n\VMg Y M 
(2n) 3 / 2 J 1 ' 



(4.16) 



Here e u ° = r . A similar form of light-cone energy has also been obtained in 

We next discuss the spectrum for the OD1 theory in the Penrose limit by looking at 
the configuration given in (3.11). The light-cone GS action in this case takes the form, 



Ana' Sh 



dr 



2na'p+ 



da 



rj^daZidbZi + fi 2 z 2 



2/i 



--z 2 d a z 1 



(4.17) 



where i = 1, . . . , 8 and k = 1,2. Defining z 
following from (4.17) have the forms, 



Vl + e 2 ^' 
Z\ + iz 2 )/2, the equations of motion 



rfd a d h z - fi 2 z + 
V ab d a d b z - fi 2 z - 



y/1 + e 2U ° 
2 2ifi 



V ab d a d bZl 
2l » d„z 

d„z 



0. 




for 



I — 3, . . . , ; 



(4.18) 
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We can solve these equations by Fourier expanding the coordinates z^. ..,8 as the first 
expression in (4.4) and z, z as the second expression in (4.4), where now uj n will be of the 
forms, 

I n I 



Mr, 



a'p + 



for z 3 , 



\ 



fl 2 + 



'a'p + ) 2 



+ 



2/i 



n 



;i + e 2C/ )i/2 a y 
and the oscillators satisfy the commutation relations, 



for z, z 



a { (a j V 



tu mn u ; 



(4.19) 



(4.20) 



where i,j = 3, . . . , 6. So, the bosonic part of the light-cone Hamiltonian would be given 

as, 



2?- = E 



n 



a'p + 



+ (N+ + N- n ) 



\ 



/i 2 + 



^a'p + ) 2 



+ 



2/i 



n 



(l + e 2C/ )l/2 a y| 

To relate the string spectrum with those of the OD1 theory we first find 



(4.21) 



2p~ 


. d 


. d .8 

dx° dip 


fi 


dx + 


2/jp + 


. d 

dx~ 


(l + e 2C/o)-i 

R 2 







N5t' eS E - Jt 







dx° dip ' 



R 2 



NaL-E + Ji, 



(4.22) 



where we have used i-J^ 



.. y Na' cS E and — i-J^ = J\. The corresponding states in OD1 



theory will have energy and U(l) R-charge 
Na' s E and J x ~ Not' 



cS ^j emu. ^-i.u.j-oo, with ^Na' cS E - J x = fixed (4.23) 

Thus the spectrum of strings in the background (3.11) is the same as those of the OD1 
theory in the regime (4.21). For R 2 — > oo, we find 

l + e 2l/o)-l/2 Ji 



f ip + R 2 = (l + e 2Uo )- 1/2 Ji, or 
The light-cone energy therefore takes the form, 



ot'p + 



UN 



2p- 



E 



n\ + (N+ + NZ n ) 



\ 



o2U 



)N 2 



2Nn 



(4.24) 



(4.25) 



We have seen that in the regime G 2 ^ < ar <C 1, the Penrose limit of the OD1 super- 
gravity description reduces to that of the LST supergravity description. This is described 
after eq.(3.11). The spectrum of LST from the quantization of GS action has already 
been discussed in ref.jTH] and we will not repeat it here. 
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5 Penrose limits for general null geodesies 



In the previous sections we have discussed the Penrose limit of NC0S6 supergravity 
description and various other theories at different phases for a particular null geodesic 
corresponding to the parameter 1 = 1. In this section we extend it for I < 1 and discuss 
Penrose limits of NCOSg and 0D1 theories. The gravity dual of NCOSg theory is given 
in (3.1). By restricting the null geodesic in (a; , U, ?/>)-plane we obtained the evolution 
equation for U in (3.4) for the general value of the parameter I. Eq.(3.4) can be solved 
as, 



-eVl + e 2U + sinh" 1 e u = Vl - l 2 u (5.1) 

where u is the afhne parameter along the null geodesic. One can use this relation to 
formally express e u as a function of u and let us call that function as g, i.e., e u = g(u) 
which satisfies (5.1). Now we make a coordinate change from (x°, U, ip) — > (u, v, x) by 
the relations, 



dU = — . n du 

dx° = — ,. du + 2dv + Idx 
gVTTg^ 

dib = — . n du + dx (5.2) 
gVTTg 2 

By further rescaling the coordinates u — > u, v — > v/R 2 , 9 — > z/R, x —>■ x/R, x 1 '"'' 5 —> 
x lv "' 5 /i?, and taking R — > oo, the metric in (3.1) reduces to 

I 2 



ds 2 = -Adudv + 2 z 2 du 2 + gy/l + g 2 (l - l 2 )dx 2 + g\jl+ g 2 dz 2 



+g^l + g^dx 1 ) 2 + ^(dxy (5.3) 

v i + g 2 7^2 

This is the form of the metric in 'Rosen' coordinates 6 . To write it in Brinkman form we 
define a new set of coordinates as, 

u — > x^~ 



6 By ' ' we mean that strictly speaking the metric in Rosen coordinates should have g uu = (see for 
example, 001 an d references therein) which is not the case here and also later in (5.9). However, that 
does not prevent us to obtain the desired Brinkman form of the metric in (5.5). The reason is, since u is 
merely renamed by x + to go to the Brinkman form, this term just shifts the mass 2 of the coordinates z 
as given in (5.6). 
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X 



2,. 



i 

i 



X 



X "8 



Then the metric takes the form, 



(x 2 + ^ 



X 



1\2> 



(5.4) 



ds 2 = -Adx + dx~ - mlz 2 + m 2 x (x 2 + (re 1 ) 2 ) + m\ 5 ^ 



i\2 



+ ^2 



i=2 



+ (dx) 2 + + ^(^) ; 



(5.5) 



i=i 



Where the mass s associated with various coordinates are given as, 



I 2 



m, = 



[y/£(i+£ 2 ) 1/4 r 

(? 2 (1+^) ^(1+^)1/4 



3 2[/, 



1 + e 



2£T 



+ 



;i-/ 2 )(l + 4e 4t/ ) 
4e 2C/ (l + e 2U f 



m r , 



m. 



^(1+^)1/4 

;i-/ 2 )(l + 4e 4t/ ) 
4e 2C/ (l + e 2C/ ) 3 

[v^/(i+^ 2 ) 1/4 r 



2,. 



v^/(l+£ 2 ) 1/4 
(l-/ 2 ) 



1 + 8e 2U ) 



(5.6) 



4e 2f/ (l + e 2l/ ) 3 

where 'prime' in both (5.4) and (5.6) represents derivative with respect to the affine 



parameter u 



x 1 



along the geodesic. The second line in each of the mass 2 expressions 



in (5.6) are obtained by using the evolution equation (3.4). The important thing to note 
here is that all the mass 2 expressions are positive for / < 1 at all energies as opposed to 
some cases noted in the literature. However, since they are time dependent, it is not clear 
how to quantize and obtain the spectrum for the associated string theory. In this sense, 
for these general null geodesies the Penrose limit does not lead to a solvable string theory. 
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Now we discuss the Penrose limit of 0D1 supergravity description for the general 
null geodesic. The supergravity configuration for OD1 theory is given in (3.8) and the 
evolution equation for U is given in (3.9). The solution of the equation has the form, 



1 



VI + e 2U + - In 
2 



vT-t- < 



2U 



Vl + e 2U + l 

Let us formally define \/l + e 2U = f(u) and make the following coordinate change, 



(5.7) 



dU = du 



dx° 
dip 



f 

—du + 2dv + Idx 
I 



f 



du + dx 



(5.8) 



By further rescaling the coordinates u — > u, v — > v/R 2 , 9 — > z/R, x — > x/R, x 1 '-' 5 — > 
x 1 '-' 5 /R, and taking R — * oo, the metric in (3.8) can be written in Rosen coordi- 

nates as, 

ds 2 = -Adudv - jz'du 2 + f{l - l 2 )dx 2 + fdz* + fidx 1 ) 2 + - Y,( dxi ? ( 5 - 9 ) 
To write it in Brinkman form we define a new set of coordinates, 



x 



u 
x 1 

2,. ..,5 

— * 

Z 
X 



X 



X 



Vf 

1 

7f z 



2,.. .,5 



1 



X 



X 



cr lv 1 
f i j 



(5.10) 



In these new coordinates the metric (5.9) takes exactly the same form as in the NCOS 6 
theory given in (5.5), but the mass 2 expressions for the various coordinates are different 
and are given as follows, 



i 2 CV7T 
P Vf 
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I 2 (l-l 2 )e 



2U 




l + e 2U A(l + e 2U f 

(77)" 



77 




(r 1/2 ) 





(5.11) 



Here also 'prime' denotes derivative with respect to the affine parameter u = x + . The 
second expressions of mass 2 in (5.11) are obtained by using the evolution equation (3.9). 
We note here that unlike in the NCOSg case the mass 2 's are not always positive. In 
particular, we see from (5.11) that in the IR, m 2 becomes negative. However, we have 
seen in the previous sections that in the low energy the proper supergravity description 
should be that of NCOS6 theory and not the OD1 theory where all the mass 2 are indeed 
positive. The presence of negative mass 2 indicates a quantum mechanical instability of 
the associated world-sheet theory and so OD1 theory in that case flows by RG to NCOS 6 
theory where all the mass 2 of the world-sheet bosonic fields become positive. However, we 
would like to point out that in the UV where we know that OD1 is the proper supergravity 
description, the mass 2 are not always positive. For example, we note that m\ 5 becomes 
negative in the UV. So, the appearance of negative mass 2 can not always be avoided by 
an RG flow argument. Some comments on the isuue of negative mass 2 has been made in 
rcf. 13 . but a better understanding of this is clearly needed. 

6 Conclusion 

In this paper we have studied the Penrose limit of the gravity dual of a class of non-local 
theories, namely, the NCOS theory in 6-dimensions. We discussed the phase structure of 
this theory and have shown how at various energies the theory is described by OYM 6 , LST, 
NCOS6 and OD1 theories. In particular, at low energies when ar <C 1 and G 2 ^> 1, we get 
OYM 6 theory in the range 1/(MG 2 ) < ar < 1/G 2 and LST in the range 1/G 2 < ar < 1. 
On the other hand, at high energies when ar ^> 1, we have NCOSg theory in the range 
1 <C ar <C l/G 2 and OD1 theory for ar ^> 1/G 2 . We have obtained Penrose limits 
in the neighborhood of a special null geodesic and have shown that Penrose limits of 
the gravity duals of all these 6-dimensional theories lead to solvable string theories. We 
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would like to emphasize that this is a specialty of 6- dimensional theories only. In fact, it is 
easy to see that Penrose limits of gravity duals of NCOS theories in other dimensions do 
not lead to solvable string theories. We have quantized the string theories obtained this 
way, constructed the light-cone Hamiltonian and discussed their relations to the states of 
various theories at different phases of NCOSg theory. Finally, we also discussed Penrose 
limits of the gravity duals of both NCOSg and OD1 theories for the general null geodesic. 
In these cases Penrose limits yield string theories with time-dependent masses for the 
various bosonic fields corresponding to the target space coordinates and so they are not 
solvable (in the sense discussed in the paper). We have pointed out the appearance of 
negative mass 2 for OD1 theory and discussed the RG flow by which the mass 2 become 
positive in some cases. 
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